DEFORMATIONS OF AZUMAYA ALGEBRAS 
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AND BORIS TSYGAN 



In this paper we compute the deformation theory of a special class of 
algebras, namely of Azumaya algebras on a manifold (C°° or complex 
analytic). 

Deformation theory of associative algebras was initiated by Gersten- 
haber in [Qj. A deformation of an associative algebra A over an Ar- 
tinian ring a is an o-linear associative algebra structure on A ® a such 
that, for the maximal ideal m of a, A ® m is an ideal, and the quo- 
tient algebra on A is the original one. Gerstenhaber showed that the 
Hochschild cochain complex of an associative algebra A has a structure 
of a differential graded Lie algebra (DGLA), and that deformations of 
A over an Artinian ring a are classified by Maurer-Cartan elements of 
the DGLA C'(A, A)[l] <g> m. A Maurer-Catan element of a DGLA C 
with the differential S is by definition an element A of C 1 satisfying 



Isomorphic deformations correspond to equivalent Maurer-Cartan ele- 
ments, and vice versa. 

In subsequent works |GM] . |SS] . |Drj it was shown that deformation 
theories of many other objects are governed by appropriate DGLAs in 
the same sense as above. Moreover, if two DGLAs are quasi-isomorphic, 
then there is a bijection between the corresponding sets of equivalence 
classes of Maurer-Cartan elements. Therefore, to prove that deforma- 
tion theories of two associative algebras are isomorphic, it is enough 
to construct a chain of quasi-isomorphisms of DGLAs whose endpoints 
are the Hochschild complexes of respective algebras. 

This is exactly what is done in this paper. We construct a canon- 
ical isomorphism of deformation theories of two algebras: one is an 
Azumaya algebra on a C°° manifold X, the other the algebra of C°° 
functions on X. The systematic study of the deformation theory of the 
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latter algebra was initiated in [BFFLSJ. In addition to the definition 
above, it is required that the multiplication on A <g> o be given by bidif- 
ferential expressions. The corresponding Hochschild cochain complex 
consists of multi-differential maps C°°(X)® n — > C°°(X). The complete 
classification of deformations of C°°(X) is known from the formality 
theorem of Kontsevich |K1] . This theorem asserts that there is a chain 
of quasi- isomorphisms connecting the two DGLAs C*(C°°(X), C°°(X))[1] 
and T(X, A*(TX))[1], the latter being the DGLA of multivector fields 
with the Schouten-Nijenhuis bracket. For the proofs in the case of a 
general manifold, cf. also [Doj . |Haj . |DTT] . 

An Azumaya algebra on a manifold X is a sheaf of algebras locally 
isomorphic to the algebra of nxn matrices over the algebra of functions. 
Such an algebra determines a second cohomology class with values in 
O x (here, as everywhere in this paper, in the C°° case Ox denotes 
the sheaf of smooth functions). This cohomology class c is necessarily 
n-torsion, i.e. nc = in H 2 (X,O x ). The main result of this paper 
is that there is a chain of quasi-isomorphisms between the Hochschild 
complexes of multidifferential cochains of the algebra of functions and 
of an arbitrary Azumaya algebra. This chain of quasi-isomorphisms 
does depend on some choices but is essentially canonical. More pre- 
cisely, what we construct is a canonical isomorphism in the derived 
category [H] of the closed model category ||Q] of DGLAs. 

Note that in |BGNT] we considered a related problem of deformation 
theory. Namely, any cohomology class in H 2 (X, O x ), whether torsion 
or not, determines an isomorphism class of a gerbe on X, cf. |Brj . A 
gerbe is a partial case of an algebroid stack; it is a sheaf of categories 
on X satisfying certain properties. In [BGNTJ we showed that defor- 
mation theory of algebroid stacks is governed by a certain DGLA. If an 
algebroid stack is a gerbe, we constructed a chain of quasi-isomorphisms 
between this DGLA and another one, much more closely related to the 
Hochschild complex. When the gerbe is an Azumaya algebra, this lat- 
ter DGLA is just the Hochschild complex itself. In ther words, we 
solved a different deformation problem for an Azumaya algebra, and 
got the same answer. 

Now let us turn to the case of a complex analytic manifold X . In 
this case, let Ox stand for the sheaf of algebras of holomorphic func- 
tions. It is natural to talk about deformations of this sheaf of algebras. 
Multidifferential multiholomorphic Hochschild cochains form a sheaf, 
and it can be shown that the corresponding deformation theory is gov- 
erned by the DGLA of Dolbeault forms W(X, C' >0 (O x , O x )[l}). The 
full DGLA tt >'(X,C'(Ox,O x )[l}) governs deformations of O x as an 



DEFORMATIONS OF AZUMAYA ALGEBRAS 



3 



algebroid stack. We show that our construction of a chain of quasi- 
isomorphisms can be carried out for this full DGLA in the holomorphic 
case, or in a more general case of a real manifold with a complex in- 
tegrable distribution. This construction does not seem to work for the 
DGLA governing deformations of Ox as a sheaf of algebras. As shown 
in [NT] and [BGNTj . such deformation theory can be in general more 
complicated. 

Our motivations for studying deformations of gerbes and Azumaya 
algebras are the following: 

1) A fractional index theorem from [MMS] . The algebra of pseudo- 
differential operators which is used there is closely related to formal 
deformations of Azumaya algebras. 

2) Index theory of Fourier integral operators (FIOs). Guillemin and 
Sternberg [GSj have studied FIOs associated to a coisotropic subman- 
ifold of a cotangent bundle. It appears that higher index theorems for 
such operators are related to algebraic index theorems [BNT] for de- 
formations of the trivial gerbe on a symplectic manifold with an etale 
groupoid. A similar algebraic index theorem in the holomorphic case 
should help establish a Riemann-Roch theorem in the setting of [KSJ, 

3) Dualities between gerbes and noncommutative spaces ( |MRlj . 
[ME2], [MR3] . [HU, [BBP] , [Ki]). 

Hochschild and cyclic homology of Azumaya algebras were computed 
in [CW\ |S] and in the more general case of continuous trace algebras 
(in the cohomological setting) in [MS] . Here we require, however, much 
more precise statement which involves the whole Hochschild complex 
as a differential graded Lie algebra, rather then just its cohomology 
groups. It is conjectured in [5] that algebras which are similar in the 
sense of [Sj have the same deformation theories. Some of our results 
can be considered as a verification of this conjecture in the particular 
case of Azumaya algebras. 

A very recent preprint |Dol] contains results which have a significant 
overlap with ours. Namely, a chain of quasi-isomorphisms similar to 
ours is established in a partial case when the Azumaya algebra is an 
algebra of endomorphisms of a vector bundle. On the other hand, a 
broader statement is proven, namely that the above chain of quasi- 
isomorphisms extends to Hochschild chain complexes viewed as DGL 
modules over DGLAs of Hochschild cochains. This work, like ours, is 
motivated by problems of index theory. 
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2. AZUMAYA ALGEBRAS. 

Let X be a smooth manifold. In what follows we will denote by Ox 
the sheaf of complex-valued C°° functions on X. 

Definition 1. An Azumaya algebra on X is a sheaf of central Ox- 
algebras locally isomorphic to Mat n ((9x)- 

Thus, by definition, the unit map Ox ^ A takes values in the center 
of A. 

Let Ao := [A, A] denote the Ox-submodule generated by the image 
of the commutator map. 

We will now consider A, Ao and Ox as Lie algebras under the com- 
mutator bracket. Note that the bracket on A takes values in Ao and 
the latter is a Lie ideal in A. 

Lemma 2. The composition Ox ^ A — > A/Ao is an isomorphism. 

Proof. The issue is local so we may assume that A = Ka.t n (Ox) in 
which case it is well known to be true. □ 

Corollary 3. The map Ox © Ao — > A induced by the unit map and 
the inclusion is an isomorphism of Lie algebras. 

Lemma 4. The sequence 

0^O x ^A^Der Ox (A)^0 

ad 

is exact. Moreover, the composition Ao A — > Dero x (A) is an 
isomorphism of Lie algebras. 

Let C(A) denote the sheaf of (locally defined) connections on A with 
respect to which the multiplication on A is horizontal; equivalently, 
such a connection V satisfies the Leibniz rule V(a6) = V(a)6 + aV(6) 
in fl x ®o x -A f° r a h (locally defined) a,b G A. The sheaf C(A) is a 
torsor under Q x <S>o x ^ero x (A). 

Any connection V G C(A) satisfies V(^4 ) C Vl l x ® „4. . 

For V G C(-4) there exists a unique # = #(V) E Vt 2 x ® Ao such that 
ad(0) = V 2 G fi x <8> Der 0x (^l). 

3. Jets 

Let Jx be the sheaf of infinite jets of smooth functions on X. Let 
p : Jx — > Ox denote the canonical projection. Suppose now that A 
is an Azumaya algebra. Let J{A) denote the sheaf of infinite jets of 
A. Let : J {A) — > A denote the canonical projection. The sheaves 
J(A) and A ®o x 3x have canonical structures of sheaves of central 
^x-algebras locally isomorphic to Mat n (Jx)- 
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Let lsom (A ® Jx, J {A)) denote the sheaf of (locally defined) Jx- 
algebra isomorphisms A®Jx J {A) such that the following diagram 
is commutative: 

A®J X J {A) 



Id®p 



PA 



A ^A 

Similarly denote by Aut (^4 ® Jx) the sheaf of (locally defined) Jx- 
algebra automorphisms of A ® Jx such that the following diagram is 
commutative: 



A®J X *- A® J : 



Id(g>p 



X 



Id(8ip 



A ^A 

Lemma 5. The sheaf Isom {A ® Jx , J (A)) is a torsor under the sheaf 
of groups Aut (^4 ® Jx) ■ 

Proof. Since both J(A) and A®o x Jx are locally isomorphic to M&t n (Jx), 
the sheaf lsgm Q (A®Jx, J (A)) is locally non-empty, hence a torsor. □ 

Lemma 6. The sheaf of groups Aut (*4 ® Jx) is soft. 

Proof. Let Derj x (A ® Jx) denote the sheaf of ^-linear derivations 
of the algebra A ® Jx which reduce to the zero map modulo Jq. The 
exponential map 

(3.0.2) exp : Der Jx>0 (A ® Jx) -> Aut U ® J x ) , 

5 i— > exp(<5), is an isomorphism of sheaves (the inverse map is given by 
a i — > log a = Y^=i )• Therefore, it suffices to show that the sheaf 
Verj X! o(A® Jx) is soft, but this is clear since it is a module over the 
sheaf Ox of C°°-functions. □ 

Corollary 7. The torsor Isom ( A® Jx , J (A)) is trivial, i.e. Isom (^4® 
J x ), J(A)) := T(X; Ispm (^l ® J x , J (A))) + 0. 

Proof. Since the sheaf of groups Aut (A®Jx) is soft we have H 1 (X, Aut (^ 
Jx) = 1 ([DD], Lemme 22, cf. also [BrJ, Proposition 4.1.7). Therefore 
every Aut (^4 ® Jx) torsor is trivial. □ 

In what follows we will use V| an to denote the canonical flat connec- 
tion on J(£). A choice of a G Isom (.4.Cg> Jx,J(A)) induces the flat 
connection a -1 o V^ n o a on A ® Jx- 

A choice of V G C(A)(X) give rise to the connection V ® Id + Id ® 
V c S n onA®J x - 
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Lemma 8. (1) For any a G Isom (y4® Jx, J {A)), V G C(A)(X), 
the difference 

(3.0.3) a' 1 o V7 l o a - (V ® Id + Id ® V^ an ) 

«s J x -linear. 

(2) There ernsfe a unique F G eg) ^4 ® J7x) (depending on 
a and V ) such that (13.0.31) is equal to ad(F). 

(3) Moreover, F satisfies 

(3.0.4) (V ® Id + Id <g> V c S n )F + -[F, F] + 9 = 

Proof. We leave the verification of the first claim to the reader. If 
follows that (13.0.31) is a global section of fl x <8> Der^ x (^4 (g) Jx)- Since 

the map Ao ® J7x a ^^i d Derj- X (^4 ® J7x) is an isomorphism the second 
claim follows. 
We have 

(3.0.5) a' 1 o V can oa = V®Id+Id® V^ n + ad F 

where F G T(X; fi^ <g> .A ® Jx). 

Since (o^ 1 o V mn o cx) 2 = the element (V A ® Id + Id <g> V C£m )F + 
|[F, F] + 6* must be central; it also must lie in Aq <8> J. Therefore, it 
vanishes, i.e. the formula (13.0.41) holds. □ 

4. Deformations of Azumaya algebras. 

4.1. Review of formal deformation theory. Consider a DGLA £,* 
with the differential 5. A Maurer-Catan element of £' is by definition 
an element A of C 1 satisfying 

(4.1.1) 5A + i[A,A]=0 

Now assume that C° is nilpotent. Then exp(£°) is an algebraic group 
over the ring of scalars k. This group acts on the set of Maurer-Cartan 
elements via 

OO 

(4.1.2) e x (\) = Ad e x(A) - £ 7^-W ad x(^0 

n=0 ^ >' 

Informally, 

5 + e x {\) =Ad e x{5 + \). 

We call two Maurer-Cartan elements equivalent if they are in the same 
orbit of the above action. 
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Theorem 9. f |GM] ) Let a be an Artinian algebra with the maximal 
ideal m. A quasi-isomorphism of DGLAs £* — > £* induces a bijection 
between the sets of equivalence classes of Maurer-Cartan elements of 
£• ® m and of £' ® m - 

Given a DGLA £' and an Artinian algebra a with the maximal ideal 
m, denote by MC(C') the set of equivalence classes of Maurer-Cartan 
elements of C* <S> m. 

4.2. Let A be an Azymaya algebra on X. Let Def(^4.) denote the 
formal deformation theory of A as a sheaf of associative C-algebras, 
i.e. the groupoid-valued functor of (commutative) Artin C-algebras 
which associates to an Artin algebra a the groupoid whose objects 
are pairs (A, <fi) consisting of a flat Ox ®c a-algebra A and a map 
4> : A — > A which induces an isomorphism A® a C — > A. The morphism 
in Def(-4)(a) are morphisms of Ox ®c a-algebras which commute with 
the respective structure maps to A. 

Theorem [TU] is the main result of this note. 

Theorem 10. Suppose that A is an Azumaya algebra on X. There 
exists a canonical equivalence Def(^4) = Def(Cx)- 

The proof of Theorem [10] will be given in 14.81 The main technical 
ingredient in the proof is Theorem [201 

4.3. Hochschild cochains. Recall that the sheaf C n {A) of Hochschild 
co chains of degree n is defined by 

C n (A) :=Hom c (i 0cn ,i) . 

In the case of Azumaya algebras, we will always consider the subcom- 
plex of local sections of C n (A), i.e. of multidifferential operators. The 
link from the deformation theory to the Hochschild theory is provided 
by the following 

Proposition 11. [G] For every algebra A, there exists a canonical 
equivalence Def(A) = MC(C"(A)[1])). 

In particular, for an Azumaya algebra A there exists a canonical 
equivalence Dei(A) = MC(T(X;C'(A)[1])). 

Proof. By definition, an element of degree one in the DGLA C*(A) [1] ® 
m is a map \ : A® A — > A m. Put a * b = ab + A(a, b). Extend 
* a binary a-linear operation on A ® a. Modulo m, this operation is 
the multiplication in A. Its associativity is equivalent to the Maurer- 
Cartan equation ( 11.0. II) . Two Maurer-Cartan elements are equivalent 
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if and only if there is a map X : A — > A m such that, if one extends it 
to an a-linear map X : A <g> m —>■ A <S> a, its exponential expad(X) is an 
isomorphism of the corresponding two associative algebra structures on 
A (g) a. On the other hand, any such isomorphism of algebra structures 
(which is identical modulo m is of the form expad(X) for some X. □ 

Let 

C n {J{A)) := Homg ^U)® *", J(A)) 

There exists a canonical map j°° : C n (A) — > C n (j7'(^4)) which to a 
multidifferential operator associates its linearization. The canonical 
flat connection on J(A) induces a flat connection, denoted V can , on 
C n (J(A)). The de Rham complex m{C n {J{A))) satisfies ^(DR(C n (J r (^)))) = 
for i 7^ while the map j°° induces an isomorphism C n (A) = 

H°(m(C n (j(A)))). 

The Hochschild differential, denoted 5 and the Gerstenhaber bracket 
endow C*(^4)[l] (respectively, C'(J(A))[1}) with a structure of a DGLA. 
The connection V can acts by derivations of the Gerstenhaber bracket 
on C'(J'(A))[1]. Since it acts by derivations on 3{A) the induced 
connection on C*( l 7(^4))[l] commutes with the Hochschild differential. 
Hence, the graded Lie algebra fl* x <g> C*( l 7(^4))[l] equipped with the 
differential V can + 5 is DGLA. 

Proposition 12. The map 

(4.3.1) j°° : C(A)[1] C'(J(A))[1] 

is a quasi-isomorphism of DGLA. 

Proof. It is clear that the map f)4.3.ip is a morphism of DGLA. 

Let FiC*(?) = C^-\l). Then, F.C"(?) is a filtered complex and the 
differential induced on Gr^C'il) is trivial. Consider Q' x as equipped 
with the trivial filtration. Then, the map (14.3. ip is a morphism of 
filtered complexes with respect to the induced nitrations on the source 
and the target. The induced map of the associated graded objects a 
quasi-isomorphism, hence, so is (14.3.11) . □ 

Corollary 13. The map 

MC(r(x ; c(A)[i])) -> MC(r(x ; n x ® c*{j{A))[i])) 

induced by (14.3. ip is an equivalence. 

4.4. The cotrace map. Let C n (Jx) denote the sheaf of normalized 
Hochschild cochains. It is a subsheaf of C n (Jx) whose stalks are given 
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by 

C\J X ) X = Eom 0x$x ((J x , x /O x>x ■ l)® n ,J x>x ) c 

KomO x , x {J^ x ,J x , x ) = C n (J x ) x 

The sheaf C (A)[l] (respectively, C* (J x )\l\ is actually a sub-DGLA of 
C*(^l)[l] (respectively, C*{J X )[\\ ) and the inclusion map is a quasi- 
isomorphism. 

The flat connection V mn preserves C (J7x)[l], and the (restriction 
to C [O x )\i\ of the) map j°° is a quasi-isomorphism of DGLA. 
Consider now the map 

(4.4.1) cotr:C\j x )[l}^C'(A®J x )[l] 
defined as follows: 

(4.4.2) cotr(D)(ai ® j u . . . , a n ® j n ) = a ...a n D(j u ...,j n ). 

Proposition 14. The map cotr is a quasiisomorphism of DGLAs. 

Proof. It is easy to see that cotr is a morphism of DGLAs. Since the 
fact that this is a quasiisomorphism is local it is enough to verify it 
when A = Ka.t n (Ox)- In this case it is a well-known fact (cf. |Loj . 
section 1.5.6). □ 

4.5. Comparison of deformation complexes. Let a G Isomo(.4® 
Jxi <J(A)), V G C(A). The isomorphisms of algebras a induces the 
isomorphism of DGLA 

<r*:C'(A®J x )[l)-+C(J(A))[l] 

which is horizontal with respect to the flat connection (induced by) 
V ccm on C m (J(A))[l] and the induced flat connection given by (I3.0.5p . 
Therefore, it induces the isomorphism of DGLA (the respective de 
Rham complexes) 

(4.5.1) a, : ST X <g> C'(A ® Jx)[l\ -> W x ® C'(J(A))[1}. 

Here, the differential in tt x (g)C'(A® J x )[l] is V ® Id + Id ® V can + 
adF + 5 and the differential in Q x ® C*(J(A))[l] is V can + 5. 

Let to denote the adjoint action of G G T(X;Q k x ® C°(A <S> Jx)) 
(recall that C°{A® J x ) = A® Jx)- Thus, t G is a map tt p x ®C q (A® 
J x )^flg k ®C*-\A®J x ). 
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Lemma 15. For any H,G E T(X; tt x <g> C°(A <g> Jx)) we have: 

(4.5.2) [6,i H ] = adH 

(4.5.3) [ad H, l g ] = L[h,g\ 

(4.5.4) [ih,lg} = 

(4.5.5) [V ® Id + Id ® V^ an , t ff ] = t(v®w+id®vg»)H 

Proof. Direct calculation. □ 

Let exp(U F ) = J2T=o = Id + U F + ^i F o l f + ■ ■ ■ . Note 

that this is a polynomial in t since fi^ = for p > dimX. Since i F is 
a derivation, the operation exp(tp) is an automorphism of the graded 
Lie algebra Q' x <g> C'(A® Jx)\\\- The automorphism exp(ip) does not 
commute with the differential. 

Lemma 16. 

exp(i F ) o (V ® Id + Id <g> Vq" + 5 + ad F) o exp(-tjp) = 

V ® Id + Id ® V^™ + 5 + 

Proof. Consider the following polynomial in t: p(t) = exp(ti F ) o 5 o 
exp(-tip). Then using the identities from the Lemma [TBI we obtain 
p'{t) = exp(iip) o [t F ,S] o exp(— U F ) = —exp(ti F ) o adF o exp(— U F ), 
p"{t) = — exp(U F )o [t F , adF] oexp(— U F ) = exp(ttp)ot[ F F joexp(— Up), 
and p^ = for n > 3. Therefore p(£) = 5 — t&dF + y l [f,f]- Setting 
t — 1 we obtain 

exp(ip) o 5 o exp(— tp) = 5 — adF + 

Similarly we obtain 

exp(tp) oadfo exp(— l f ) = adF — twjri 

and 

exp(i F ) o (V ® Id + Id ® V™) o exp(-i F ) = 

(V ® Id + Id ® V^ n ) — i(v®id+id®vg in )F 

Adding these formulas up and using the identity (13.0.41) we obtain the 
desired result. □ 

Lemma 17. The map 

(4.5.6) Id®cotr : Q x ® C*(J X )[1) £l x ® C'(A® J x )[l] ■ 

is a quasiisomorphism of DGLA, where the source (respectively, the 
target) is equipped with the differential Vq u + 5 (respectively, V® Id + 

Id® V Can + 5 + Lg). 



DEFORMATIONS OF AZUMAYA ALGEBRAS 



11 



Proof. It is easy to see that Id ® cotr is a morphism of graded Lie 
algebras, which satisfies (V ® Id + Id <g> Vg" 1 ) o (Id ® cotr) = (id ® 
cotr) o Vg" and 5 o (Id ® cotr) = (Id ® cotr) o 5. Since the domain of 
(id® cotr) is the normalized complex, we also have lq o (Id® cotr) = 0. 
This implies that (Id ® cotr) is a morphism of DGLA. 

Introduce filtration on Q x by F^Q X = Q X ~ L (the "stupid" filtration) 
and consider the complexes C {Jx)\}] and C'(A® Jx)[^\ equipped 
with the trivial filtration. The map (14.5.61) is a morphism of filtered 
complexes with respect to the induced nitrations on the source and the 
target. The differentials induced on the associated graded complexes 
are S (or, more precisely, Id® S) and the induced map of the associated 
graded objects is Id ® cotr which is a quasi-isomorphism in virtue of 
Proposition [TH Therefore, the map (14.5.61) is a quasiisomorphism as 
claimed. □ 

Proposition 18. For a any choice of a G Isom (»4® Jx, J {A)), V G 
C(A), the composition $ CTj v := oexp(tp CTV ) o (id® cotr) (where F is 
as in Lemma\3\), 

(4.5.7) $ CT)V : n x ®C*(J x )[t] -> ^®C"( l 7(^l))[l] 

zs a quasi-isomorphism of DGLA. 

Proof. This is a direct consequence of the Lemmata [TjH 14.5.61 □ 

4.6. Independence of choices. According to Proposition [T8| for any 
choice of a G Isom (*4 ® Jx, J{A)), V G C(A) we have a quasi- 
isomorphism of DGLA $ CT) v 

Proposition 19. T7ie image of $ CT! v ^ n derived category is inde- 
pendent of the choices made. 

Proof. For 2 = 0,1 suppose given G Isom (^l ® Jx, J(A)), V, G 
Let $j = $ CTi) v r The goal is to show that $ = $i in the 
derived category. 

There is a unique 0j G T(X; fi^ ® „4 ® Jx)) such that Vf = ad(^). 
By Lemma [H] there exist unique F { G T(X; Q x ® .4. ® Jx) such that 

ad(Fi) = (J," 1 ° V^ an o ^ - (V, ® Id + Id ® V^ an ) 

Let / := [0, 1]. Let : X — > I x X denote the map x i— > (z, x). Let 
pr : / x X — > X denote the projection on the second factor. 

It follows from Lemma EJ the isomorphism fl3.0.2p and the isomor- 
phism Aq ® Jx — ► Derj xo (^. ® J7"x) that there exists a unique / G 
T(X; ^4 <8> Jx) such that ui = a ° ex p(ad(/)). For t G / let a t = oo o 
exp(ad(£/)). Let cr denote the isomorphism pr*(^4. ® Jx) — » pr* J(vA) 
which restricts to er(£) on {t} x X. In particular, cr, = e*(cr). 
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For t G I let Vt = tVo + (1 — t)Vi. Let V denote the connection on 
pr*^4. which restricts to Vt on {£} x X. In particular, Vj = e*(V). 
Suppose that 

(1) a : pr*(A ® Jx) — > pr*J r (^l) is an isomorphism of pr*Jx- 
algebras which reduces to the identity map on pr**4 modulo J7b 
and satisfies <7j = e*(a); 

(2) V G C(prM) satisfies V< = e*(V). 
(Examples of such are constructed above.) 

Then, there exists a unique F G r(J x X; f2} xX ® pr*(^4. ® iTx)) 
such that 

a' 1 o pr*(V^ n ) o5 : = V®Id + Id® pr*(V^ an ) + ad(F) 

It follows from the uniqueness that e*(F) = Fj. 

There exists a unique 6 G r(J x X; fif xX Cg) pr*(^4 ® iTx)) such that 
V 2 = ad(0). It follows from the uniqueness that e*(9) = Q{. 

The composition $ := <t* o exp(t^) o (id ® cotr), 

(4.6.1) $ : OJ xX ® pr'5*(^))[l] - nj xX <8 pr*C"(^(A))[l] 

is a quasi-isomorphism of DGLA, where the differential on source (re- 
spectively, target) is pr*(V^ n ) + 5 (respecively, pr*(V™ n ) + 5 + l~) . 

The map (14.6.11) induces the map of direct images under the projec- 
tion pr 



(4.6.2) $ : pr,n; xJr ® C(J X )[1] - pr^' xX ® C(^))[l] 



which is a quasi-isomorphism (since all higher direct images vanish). 

The pull-back of differential forms pr* : Q' — > pr^fi* xX is a quasi- 
isomorphism of commutative DGA inducing the quasi-isomorphism of 



DGLA pr* <g> Id : Vl x <g> C'(Jx)[l] -> pr^' xX ® C*(Jx)[l] (with 
differentials Vg 1 " + 5 and pr*(Vo n ) + 5 respectively). 
The diagram of quasi-isomorphisms of DGLA 



(4.6.3) 



n x ®c\j{A))[i) 




n* x ®c(j{A))[i] 
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is commutative. Since e* o pr* = Id for i = 0, 1 and pr* ® Id is a 
quasiisomorphism, 6q ® Id and el ® Id represent the same morphism in 
the derived category. Hence so do $o an d □ 

4.7. The main technical ingredient. To each pair (a, V) with cr G 
Isom (^4(S>j7x, i7(^4)) and V G C(y4) we associated the quasi-iso morphism 
of DGLA (14.5.71) (Proposition [18]). According to Proposition [191 all of 
these give rise to the same isomorphism in the derived category. We 
summarize these findings in the following theorem. 

Theorem 20. Suppose that A is an Azumaya algebra on X. There 
exists a canonical isomorphism in the derived category of DGLA fl* x eg) 
C\j x )[l] = Q x ®C'{J{A))[l}. 

4.8. The proof of Theorem 1 101 The requisite equivalence is the 
composition of the equivalences 

Def(0jc) = MC(T(X;C'(O x )[l})) 

= MC(r(X;n m x ®V(j x )[i])) 

= MC(T(X ; n x ®C'(J(A))[l])) 
= MC(T(X;C'(A)[1])) 
= Def(A) 

The first and the last equivalences are those of Proposition [TTJ the 
second and the fourth are those of Corollary [131 an d the third one 
is induced by the canonical isomorphism in the derived category of 
Theorem [TUJ 

5. HOLOMORPHIC CASE 

5.1. Complex distributions. Let T x denote the sheaf of real valued 
vector fields on X and let T x := T x ®r C. 

Definition 21. A (complex) distribution on A is a sub-bundle of 7^0 

For a distribution V on X we denote by V 1 - C Q x the annihilator 
of V (with respect to the canonical duality pairing). 

Definition 22. A distribution V of rank r on X is called integrable if, 
locally on X, there exist functions /i, . . . , f r G Ox such that dfi, . . . , df r 
form a local frame for V ± . 

Lemma 23. An integrable distribution is involutive, i.e. it is a Lie 
subalgebra of ' T x (with respect to the Lie bracket of vector fields). 



A sub-bundle is an Ox-submodule which is a direct summand locally on X 
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5.2. Differential calculus on X/V. In this subsection we briefly re- 
view relevant definitions and results of the differential calculus in the 
presence of integrable complex distribution. We refer the reader to 
|Koj . jR] and |FWj for details and proofs. Suppose that V is an inte- 
grable distribution. Let F,Q' X denote the filtration by the powers of the 
differential ideal generated by P x , i.e. F^Q j x = /\ i V ± A Vt^ C Q? x . 
Let d denote the differential in Gr F Q' x . The wedge product of differen- 
tial forms induces a structure of a commutative DGA on (Gr F fl' x , d). 

Lemma 24. The complex Gr^Q^ satisfies W (Gr^p, x , d) = for 
3 ^ i- 

Let n x/v := H\Gr F ft x ,d), O x /v ■= ^° x /v We have °x/v ■= 
n° x/v C O x , tt x/v C V ± C Vl x and, more generally, Q X j-p ^- IK^^ ^ 
Q x . The wedge product of differential forms induces a structure of a 
graded-commutative algebra on £l x / v '■— @i^ x i-p[— i] = H'(Gr F Q' x ,d). 

If fi, . . . , f r are as in [22J then ^l x , v = Y^i=i ®x/v ' dfi, m particu- 
lar, Sl x i v is a locally free Ox/p- m odule. Moreover, the multiplication 
induces an isomorphism /\o x/p ^x/v ~~ * ^x/v 

The de Rham differential d restricts to the map 
and the complex Q' x /v := i^x/v ^) * s a commu tative DGA. Moreover, 
the inclusion Q X /v ~^ ^'x * s a quasi-isomorphism. 

Example 25. Suppose that V = V . Then, V — V ®r C, where V 
a subbundle of Tx- Then, D is an integrable real distribution which 
defines a foliation on X and £l X /v ls ^ ne complex of basic forms. 

Example 26. Suppose that V fl "P = and V ®V = T x . In this case 
again "P is integrability is equivalent to involutivity, by Newlander- 
Nirenberg theorem. W X /7> m this case * s a holomorphic de Rham com- 
plex. 

5.3. (^-operators. Suppose that £ is a vector bundle on X, i.e. a 
locally free Ox-module of finite rank. A connection along V on £ 
is, by definition, a map : £ — > fi^/P^ ®o x £ which satisfies the 
Leibniz rule V^(/e) = j"V v (e) + df -e. A connection along P gives rise 
to the Ox-linear map : V — > End € (£) defined by ? 9 ( h V^, 

with (e) = ^V p (e). 

Conversely, an (9x-linear map : P — * End. c (£) which satisfies 

the Leibniz rule Vj(fe) = /V?(e) + df ■ e determines a connection 
along V. In what follows we will not distinguish between the two 
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avatars of a connection along V described above. Note that, as a 
consequence of the <9-Leibniz rule a connection along V is (9x/"pTinear. 
A connection along V on £ is called flat if the corresponding map 
: V — > End ir(S) is a morphism of Lie algebras. We will refer to a 

flat connection along V on £ <9-operator on £. 

Example 27. The differential d in Gr F Vt' x gives rise to canonical d- 
operators on f\ l V^-, i = 0, 1, 

Example 28. The adjoint action of V on T x preserves V, hence descends 
to an action of the Lie algebra V on T x jV . The latter action is easily 
seen to be a connection along V, i.e. a canonical <9-operator on T x jV 
which is easily seen to coincide with the one induced on T x jV via the 
duality pairing between the latter and V ± . In the situation of Example 
[251 this connection is known as the Bott connection. 

Example 29. Suppose that T is a locally free (9x/-p- m odule of finite 
rank. Then, Ox ®o x/v J~ is a locally free Ox-module of rank rko x/p T 
and is endowed in a canonical way with the (^-operator, namely, Id® d. 

A connection on £ along V extends uniquely to a derivation of the 

2 

graded GV^f2 x -module Gr^Q x ®o x A ^-operator de satisfies d £ = 
0. The complex (Gtq£L x ®o x £ , dg) is referred to as the (corresponding) 
(9-complex. Since dg is Ox/pTinear, the sheaves H l (£,ds) are Ox/r~ 
modules. 

Lemma 30. Suppose that £ is a vector bundle and is a d-operator 
on £. Then, H 1 (Gtq ® 0x £,dg) = for i ^ 0, i.e. the d-complex 
is a resolution ofkev(dg). Moreover, ker(ds) is locally free over Ox /v 
of rank rk 0x £ and the map Ox ®o x/T ker^dg) — > £ (the Ox-linear 
extension of the inclusion ker(de) — ► £) is an isomorphism. 

Remark 31. In the notations of Example [291 and Lemma l30| the assign- 
ments T I— > (Ox ®o xjv Id® d) and (£, ds) i— > ker(<9,f) are mutually 
inverse equivalences of suitably defined categories. 

By the very definition, the kernel of the canonical <9-operator on 
T x /V coincides with (T x /V) (the subsheaf of "P-invariant sections, 
see Example 1281) . We denote this subsheaf by Tx/v- 

The duality pairing restricts to a non-degenerate Ox/p-bilinear pair- 
ing between Sl x i v and Tx/v giving rise to a faithful action of Tx/v on 
Ox/v by derivations by the usual formula £(/) = L^df, for £ e 1x/v 
and / e O x /v 
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Let pr i :IxI^I denote the projection on the i th factor and let 
Ax :I^IxI denote the diagonal embeding. The latter satisfies 
A*(V x V) = V. Therefore, the induced map A* x : Q X xx -> O x 
satisfies 

Im(A* L ) C O x /v ■ 

Let A x/V := A* x \ 0xxx/pxv , l x /v : = ker(A x/p ). 
For a locally-free Cx/p-module of finite rank £ let 

J\E) := (prO, [OxxX/Vxv/^/v %^ 0x/v prj 1 *) , 

let J^/-p := J k {Ox/v)- It is clear from the above definition that J^/p 
is, in a natural way, a commutative algebra and J k {£) is a J x /v~ 
module. 

We regard J k {£) as (9x/-p- m odules via the pull-back map pr^ : 
Ox/v (v r i)*Oxxx/vxV (the restriction to Ox/v of the map pr^ : 
O x -> (pr 1 )*Oxxx) with the quotient map {pr^^Oxxx/vxV -> J x /v 

For < k < I the inclusion T l x j v —> 1 x ^/v m d uces the surjective map 
Ki, k ■ J l {£) -> The sheaves ,7 fc (£), fc = 0, 1, . . . together with 

the maps 7r ijfc , /c < / form an inverse system. Let J{£) = J°°(£) : = 
limj7" fc (£). Thus, J{£) carries a natural topology. 

Let j k : £ — > J k (£) denote the map e i— > 1 ® e, j°° := limj fc . 
Let 

di : OxxX/VxV ®^- 1 O x ,v P r 2 ~* 

-> pr- 1 ^^ ® pri -i 0x/p Cxxx/pxp ® pr -i 0x/p prj 1 ^ 
denote the exterior derivative along the first factor. It satisfies 

d ^ X x + /v%rSo x/v 

P r l ^pr^Ox/P J ^ ^pr^Ox/P P r 2 ^ 

for each /c and, therefore, induces the map 

d[ k) :J k (£)^n x/p ® 0x/v J k -\£) 

The maps df^ for different values of k are compatible with the maps 
Tr^k giving rise to the canonical flat connection 

Vr : J(S) - VLx/v ®o x/v J{£) 
which extends to the flat connection 

Vr : Ox ®o x/v J{S) - V x ®o x {Ox ®o xiv J(S)) 
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Here and below by abuse of notation we write (•) ®o x/v Jx/v{£) f° r 
lim(.) ® 0x/v j\E). 

5.4. Hochschild cochains. Suppose that A is an (9x/-p-Azumaya al- 
gebra , i.e. a sheaf of algebras on X locally isomorphic to Vlat n (Ox/v)- 

For n > let C n (A) denote the sheaf of multidifferential operators 
A xn — > A; Let C°(A) = A. The subsheaf of normalized cochains 
C (A) consists of those multidifferential operators which yield zero 
whenever one of the arguments is in C • 1 C A. 

With the Gerstenhaber bracket [ , ] and the Hochschild differential, 
denoted 5, defined in the standard fashion, C*(^4)[l] and C (A)[\] are 
DGLA and the inclusion C (-4)[1] — > C*(A)[1] is a quasi- isomorphism 
of such. 

For n > let C n {Ox ®o x/v 3 (A)) denote the sheaf of continuous 
Ox-multilinear maps (O x ®o x/v J{A)) xn -> O x ®o x/P J {A). The 
canonical flat connection V^ n on Ox ®o x/T J {A) induces the flat con- 
nection, still denoted V^ n , on C n (Ox®o x/v J {A)). Equipped with the 
Gerstenhaber bracket and the Hochschild differential 5, C'(Ox ®o x/v 
J(A))\l\ is a DGLA. Just as in the case V = (see 14.31) we have the 
DGLA Q x ® Qx C'{p x ®o xlv J{A))\\] with the differential V can + 6. 

Lemma 32. The de Rham complexm(C n (O x ®o x/v J(A))) := (tt x ®o 
C n (O x ®o x/P J (A)), VJ n ) satisfies 

(1) H l m(C n (O x ®o xlv J{A))) = 0fori^0 

(2) The map j°° : C n (A) -> C n (O x ®o x/v J (A)) is an isomor- 
phism onto H°m{C n {O x ®o x/v J (A))). 

Corollary 33. The map j°° : C*{A) -> n x ® 0x C'(O x ®o x/v J(A))[l] 
is a quasi-isomorphism of DGLA. 

5.5. Azumaya. Suppose that A is an Ox/-p-Azumaya algebra. 

The sheaves J (A) and A ®o x/v Jx/v have canonical structures of 
sheaves of (central) Jx/p-algebras locally isomorphic to Mat n (j7x/p) 
and come equipped with projections to A. 

Let Isom n (O x ®o x/v A®p x/V Jx/v , O x ®o x/v J{A)) denote the sheaf 
of (locally defined) Ox ®o x/v Jx/v- algebra isomorphisms Ox ®o x/v 
A ®o x/v Jx/v O x ®o x/P J{A) which induce the identity map on 
Ox ®o x/P A. Let Aut (Cx ®o x/v A ®o x/T Jx/v) denote the sheaf of 
(locally defined) Ox ®o x/v Jx/v~ algebra automorphisms of Ox ®o x/v 
A ®o x/v Jx/v which induce the identity map on O x ®o x/v A. 
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Just as in Corollary [7] we may conclude that 

Isom (Ox ®o x/v A®o x/v Jx/r, O x ®o x/P J (A)) := 

T(X; teom (O x ® Qx/v A ®o x/v Jx/v, O x ® 0x/p J (A))) 
is non-empty. 

A choice of a G Isom (O x ® Qx/v A ® Qx/v Jx/r, Ox ®o x/v J (A)) 
and V G C(O x ®o x/T A) give rise to a unique F G T(X]Q X ®o x/v 
Aq ®o x/v Jx/v) and 9 G T(X; Q x ®o x/r A) such that V 2 = ad6» and 
the equation (13.0. 5p holds. Such a a provides us with the isomorphism 
of DGLA 

(5.5.1) a* : tl x ® Gx C'(O x ®o x/P A®o x/v Jx/vM -> 

->n^ ® 0x c(o x ® Qx/v j{A))[i] 

where the latter is equipped with the differential V^ n + 5 and the 
former is equipped with the differential V ® Id + Id (g> V^ n + ad(F) + 5. 

The operator exp(tp) is an automorphism of the graded Lie algebra 
£l x ®o x C'(O x ®o x/v A®o x/v Jx/v)W\- ^ does not commute with 
the differential V ® Id + Id <g> V™ + ad(F) + 5. Instead, the formula 
of Lemma [TH] holds. Hence, the composition a* o exp(tp) is a quasi- 
isomorphism of DGLA as in (15.5.11) but with the source equipped with 
the differential V ® Id + Id <g> V^ an + 8 + t e . 

The cotrace map 

cotr : C\O x ® 0x/v Jx/v)[l] -» 

-> C'(O x ® Qx/v A ®o x/v Jx/v)[l] 
defined as in (14.4.21) gives rise to the quasi- isomorphism of DGLA 

Id <g> cotr : tt x ® 0x C\O x ® 0x/T Jx/v)[l] -> 

-> n x ® 0x C'(Ox ®o x/v A ® 0x/P Jx/vM 

where the source (respectively, the target) is equipped with the differ- 
ential Vg n + 5 (respectively, V ® Id + Id ® Vg? n + 5 + lq). 

The proof of [T9l shows that the image of the composition a^oexp(Lp)o 
(ld(g>cotr) in the derived category does not depend on the choices made. 
We summarize the above in the following theorem. 

Theorem 34. Suppose that V is an integrable (complex) distribution 
on X and A is an O x /-p-Azumaya algebra. There is a canonical iso- 
morphism in the derived category of DGLA Q* x ® 0x C*(O x ®o x/v 
J x/V )[l] - n- x ® 0x C'(O x ® 0x/v J(A))[1]. 
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Corollary 35. Under the assumptions of Theorem^3^ there is a canon- 
ical isomorphism in the derived category of DGLA C {Ox/v) — C'(A). 
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